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We consider the nonlinear system of differential equations

dx,
(S) = =0, (¢, 21, . .+, ) (s=1,...,n) )

where the functions wp's(t, Xys eney xn) defined in the region R(— o <
t <+ o), [2 | < M < = are continuous in t and satisfy the Lipschitz
condition relative to the variables x;, ..., z,. Under the specified
conditions the system (1) has a unique solution satisfying the initial
conditions £,(0), ..., xn(O).

Let us now consider the sequence of systems of differential equations

dx,
S =0, z,... = (s=1,2,....n p=1,2,...) (2)

)

where the functions aép)(t, %y, ..., x,) satisfy the same conditions as
the function . Let us assume that in every bounded interval of t the
functions afp) tend uniformly (in t) to the function w, as p goes to in-
finity. Suppose. furthermore, that the initial values z(p)(O) of the
solution (2) tend to the limit %, (0). Then the solutlons of the systems
(S(p)) will tend uniformly in every founded interval to the solution of
the system (S 2.

We shall assume, further, that the functions w(t, x;, ..., x,) are
almost periodic (in the sense of Bohr) in ¢, uniform with respect to
(), oees x) R, i.e. for every given > 0 one can find functions
F£S)(x1, ..., x,) and a real constant A£S) such that

.. (8)
ik b
w, (¢, xl,...,xn)—~»25 e ﬁk“’(rh. ) <ce
k
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It is known [ 1] that if the function ¢(t) is almost periodic in the
sense of Bohr, then the family of functions {¢(t + h)} is compact in the
sense of uniform convergence on the entire real axis. It is not difficult
to show that under the assumptions made on the functions ws(t, Ty eees
zn), the family of functions {a&(t + h, %3, ..., xn)} is compact in the
sense of uniform convergence on the entire axis. Let us consider all
possible sequences of real numbers {hk} for which there exist the follow-
ing limits which are uniform in t:

lim ms(t-l-hk, Ll e en s ®y) =m8'(t, Zis ..., Ty) (s=1,...,n)
k00

Along with the system (1), we shall consider the systems

» dxa
(&)-W:ms'(t» z1,---.5&',,‘) (s=1,...,n)

We shall say that the systems (St+-h ) converge to the system (S,*),
and we write k

(8;7) = lim (Sy4p,)

Selecting different sequences {hk}, we obtain the set of systems which
we denote by H(St+ h). We note that if

(89 =lim (S yp), 1o (5)=Hm (S, p),

Hence, every one of the systems of the set ”(st+‘h) is determined by some
system (St‘L

Let us agree to say that two systems (St‘) and (St“) of the set
H(Sti-h) differ from each other by less than ¢ (¢ > 0), if

o, —0," | <e (s=1,2,...,n)
In this case we write . -
{8y )—(Sy ) <e

Theorem 1. If some system of the set H(St+-h) has an almost-periodic
solution, then the same cthing is true for every system of the set.

Indeed, suppose the system (St) has an almost-periodic solution x, (),
vees x"(t) and suppose (St‘) is some other system of the set

H(Syip)s 7 [0 (S =1lim (St4ny)

For a set of various systems (St+-hk) (=1, 2, ... ) we obtain sets

of solutions x (t + hk) (s=1, 2, ..., n; k=1, 2, ...). For a fixed
hk' each solution xs(t + hk) (s=1, 2, ..., n) is a set of almost-
periodic functions. In this manner we obtain n sequences of almost-
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periodic functions

z it + k), z (84 he)yonn, z, (L4 hy), ...

But since the almost-periodic functions x,(t) are normal [11], it
follows that one can select from the given sequences uniformly convergent
sequences x (t + 1), x (t + 1), «oo, x (t+ 1), oo (s=1, ..., n),
i.e.

T, (t -+ L)~ z," (1) (—oc <t < 00)
Since xs‘(t) is a solution of the system (St‘) the theorem is proved.

Note. 1f 5,1 and x_(2) are two distinct almost-periodic solutions of
the system (St), then one can determine in the same way two almost-
periodic solutions of the system (St‘) which will also be distinct. From
this it follows also that if some system of the set ”(St+-h) has a unique
almost-periodic solution then the same thing is true for each system of
the set.

Theorem 2. If each system of the set H(St+ h) has a unique bounded
solution then this solution consists of almost-periodic functions®

Indeed, the bounded solution £, = us(t) of the system (St) is deter-
mined by its initial conditions us(O). Suppose (St‘) = lim (St+-h ). One
may always assume that the numbers “s(hk) converge to the limits
lim “s(hk)' Then the solution u"(t) (of the system (St.)) which
for + = 0 takes on the system of values "s. is bounded and the conver-
gence of u (t+ hk) to "s‘(‘) will be uniform on every interval of finite
length. In order to prove the theorem one must show that this convergence
is uniform on (~ o< t < + o), i,e. that the bounded solution us(t) con-
sists of normal functions.

u »
8

1

Let us assume that the convergence is not uniform on — 0 < t < + oo,
Then we can make the following definitions:

(a) a is a positive number;

(b) t;, t5, ..., t;, ... is a sequence of numbers which increase in
absolute value;

(c) hl, kz. cees kp. .es, and Fle Tov eees o are two sequences

of indices;

POREE

(d) the function u.(t) is one function out of the n functions
ul(t). cess By ( t) such that

|ty + by ) —uj(ty + by )| >0 rp=12,...) (3)
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Out of each of the sequences of numbers ug (t + hk ) and ug (t + h ),
and from each sequence of the system P

(St+lp+hkp) u (St+tp+hrp}

one can select sequences which have the properties that they converge to
the limits "s(l) and “s(z)' and to (S(l)) and (8(2)), respectively.

In order not to complicate the notation, let us assume that the above
sequences themselves have these properties. The sets of numbers us(l)
and o (2) represent then the initial values of the bounded solutions of
the systems (S(l)) and (S(z)) But it is easy to show that the systems
(S(l)) and (S(z)) coincide. Under our conditions the system (S(l)) has
only one bounded solution; but we have found two different systems of
initial conditions for the system (S(l)) and its unique bounded solution.
Because of (3) we must have Iuj(l) - uj(z)l > a. This contradiction
proves the theorem.

Consequence, Let us consider the autonomous system
dx
d_;_—_ms(xl,...,xn) s=1,2,...,n) (4)
In this case the set H(St+-h) consists of one element. Hence, the
following theorem has been established.

Theorem 3. If the system (4) has a unique bounded solution, then this
solution consists of almost-periodic (in particular periodic) functions.

Note. Theorems 1 and 2 are extensions to nonlinear systems of theorems
that were'given by Pavard [2] for linear systems of differential equa-
tions with almost-periodic coefficients.

In Favard’s theorems certain definite conditions have to be satisfied
by the entire set of systems of differential equations. Levitan intro-
duced a new class of almost-periodic functions [1 ], the so-called N-
almost-periodic functions, He showed that if one seeks N-almost-periodic
solutions of linear systems of differential equations, then one does not
have to require the fulfilment of certain definite conditions by the
entire set of the systems. A similar situation prevails also for non-
linear systems. It is not difficult to verify, by repeating the proof of
Levitan, that the following theorem is valid.

Theorem 4. If the system (St) has a unique bounded solution, then this
solution consists of N-almost-periodic functions,
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